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Gauge PDE and AKSZ-type Sigma Models
EPSRC/LMS Durham Symposium on Higher Structures in M-Theory
Maxim Grigorieva,∗ and Alexei Kotovb
A gauge PDE is a natural notion which arises by ab-
stracting what physicists call a local gauge field theory
defined in terms of BV-BRST differential (not necessar-
ily Lagrangian). We study supergeometry of gauge PDEs
paying particular attention to globally well-defined defini-
tions and equivalences of such objects. We demonstrate
that a natural geometrical language to work with gauge
PDEs is that of Q-bundles. In particular, we demonstrate
that any gauge PDE can be embedded into a super-jet
bundle of theQ-bundle. This gives a globally well-defined
version of the so-called parent formulation. In the case of
reparameterization-invariant systems, the parent formula-
tion takes the form of an AKSZ-type sigma model with an
infinite-dimensional target space.
1 Introduction
Ideas and methods originating from gauge theories play
a prominent role in both modern theoretical physics
and mathematics. By all means this applies to Batalin–
Vilkovisky (BV) quantization [1, 2], which allows to refor-
mulate physical questions as cohomological problems,
giving them an invariant meaning. Moreover, the struc-
tures originating in BV approach are nowactively studied
from a pure mathematical perspective [3–13].
In the original context of local gauge field theories,
besides the quantization itself, BV approach offers a rig-
orous framework [14–18] to address questions such as
deformations, anomalies, global symmetries, conserved
charges etc. This is achieved by defining the BV formal-
ism1 in terms of suitable jet-bundles (see e.g. [26–30]),
which approximate the infinite-dimensional geometry of
1 Here and below we use use the term BV formulation to refer
to its natural generalization to theories defined at the level of
equations of motion. In the BV approach this corresponds to
forgetting the odd-symplectic structure and working in terms
the space of field histories. In this framework it becomes
clear that a local gauge field theory can be considered
as a geometrical object generalizing partial differential
equations (PDE). More specifically, as seen from BV per-
spective, a local gauge field theory can be considered as
a PDE equipped with extra structures. What is more im-
portant, the natural equivalence 2 of gauge PDEs differs
from that of usual PDEs, making them an interesting ob-
jects to study even on their own.
Although in the conventional approach the BV for-
mulation of a given system is constructed in term of
its equations of motion, gauge symmetries, and (higher
order) reducibility relations, it even turns out that it is
useful to define gauge theory in the BV language. This
point of view was explicitly put forward in [19] (see
also [32, 35]) and is supported by a number of examples
including models of string field theory [36–38], higher
spin gauge theories [39–41], and topological systems [42]
(see also [43–47, 22]), where the theory is build from the
very start in the form of its BV formulation. Further ex-
amples are gauge theories of boundary values in the con-
of the BV-BRST differential in place of the master action. The
generalization is rather natural and was put forward in [19]
(earlier somewhat implicit discussions can be found in [20]).
Interesting generalizations to the case of non-Lagrangian sys-
tems with Lagrange anchor was put forward in [21–23]. Alter-
native partially Lagrangian systems were discussed in [24,25].
∗ Corresponding author e-mail: grig@lpi.ru
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Institute, Leninsky ave. 53, Moscow 119991, Russia and In-
stitute for Theoretical and Mathematical Physics, Lomonosov
Moscow State University, Moscow 119991, Russia
b Faculty of Science, University of Hradec Kralove, Roki-
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2 In the present context the notion of equivalence was proposed
in [31] in the context of Lagrangian BV formulation and then
extended in [19] (see also [32, 33]) to the BV at the level
of equations of motion. The recent discussion from the L∞-
algebra perspective can be found in [34].
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text of the AdS/CFT correspondence, which immediately
arise in BV form if one starts from the BV formulation in
the bulk [48–51].
Defining a theory in BV terms from the outset natu-
rally leads to a more general class of systems than one
would arrive by applying BV procedure to a given theory
defined in terms of a Lagrangian or equations of motion.
This motivates introducing a notion of gauge PDE as a
system defined from the very beginning in terms of BV-
BRST differential. One of the goals of the present work is
to give a general and geometrical version of the definition
of gauge PDE.
Just like usual PDEs gauge PDEs can also be defined
intrinsically irrespective to the embedding into a jet-
bundle. Although such an approach is known in the lit-
erature and has proved useful in applications a globally
well-defined geometrical definition was missing. Filling
this gap is another goal of the present work.
It was observed [52, 32] that the appropriate geomet-
rical setup for gauge PDEs is provided by so called AKSZ
sigma models or more specifically their generalizations
to not necessarily Lagrangian systems. AKSZ sigma mod-
els were originally proposed [42] as nice BV formulations
for some topological theories. A somewhat similar un-
folded approach [53,54] has been also independently de-
veloped in the context of higher spin gauge theories. It
turns out that at least locally any reparameterization in-
variant gauge PDE can be brought to AKSZ form at the
price of allowing infinite-dimensional target space. This
is achieved by employing a so-called parent construc-
tion, proposed in [32] (see also [19] for the linear case
and [55, 33] for Lagrangian systems) in local setting. In
this work we propose a globally defined version of this
construction and elaborate on its properties. In so do-
ing we actively employ so-called Q-bundles [56], which
provide a proper geometrical setup for AKSZmodels and
their generalizations.
The paper is organized as follows. In Section 2 we
introduce basic notions such as Q-manifolds and their
equivalence, define gauge PDEs through a usual jet-
bundle BV formulation. In the main section, Section 3,
we give a new more flexible and invariant definition of
gauge PDEs and their equivalence in terms ofQ-bundles,
define a generalized parent construction is these terms
and prove that for a good gauge PDE its parent formula-
tion is an equivalence. Finally we discuss possible appli-
cations and further perspectives.
2 Preliminaries
2.1 Q-manifolds and their equivalences
Definition 2.1. [57] A Q-manifold is a Z-graded su-
permanifold equipped with a degree one vector field Q,
which satisfies the nilpotency condition [Q,Q]= 2Q2 = 0.
Example 2.2. T [1]X , the shifted tangent bundle to a
smooth manifold X , whose (non-negatively graded) alge-
bra of functions is isomorphic to the algebra of differen-
tial forms Ω•(X ), is a Q-manifold with the Q-field being
equal to the de Rham operator. A non-negatively graded
Q-manifold is also called an NQ-manifold.
Let us enumerate some other important examples of
Q-manifolds. Hereafter we shall use the standard conven-
tion for the shifted parity: if L =
⊕
i∈ZL
i is a Z-graded
vector space, then L[p] is anotherZ-graded vector space,
defined such that L[p]i = Li+p . A degree p linear opera-
tor, acting between two Z-graded vector spaces L1 and
L2, can be also regarded as a degree preserving linear
map L1 → L2[p]. It is easy to see that
(
L[p]
)
[q] is canon-
ically isomorphic to L[p + q]. Given two Z-graded vec-
tor spaces L1 and L2, their direct sum L1 ⊕ L2 and alge-
braic tensor product L1 ⊗L2 are naturally Z-graded vec-
tor spaces. The graded dual vector space L∗ =
⊕
i∈Z (L
∗)i
is defined such that (L∗)i =
(
L−i
)∗
, which implies that the
bi-linear pairing L⊗L∗→R has degree 0.
i) Given a vector space g, a Q-structure on the corre-
sponding graded supermanifold g[1], the algebra of
functions of which F (g[1]) = Λ•(g∗), is in one-to-
one correspondence with a Lie algebra structure on
g, such that the Chevalley–Eilenberg cochain differ-
ential dCE is theQ-field.
ii) In general, a Q-field on A[1], the shifted vector bun-
dle on X , is in one-to-one correspondencewith a Lie
algebroid structure on A [58]. This example extends
the notion of a Lie algebra and the shifted tangent
bundle, simultaneously.
iii) Another generalization of a Lie algebra is an L∞-
algebra [59]. Let L be a Z-graded vector space, L[1]
be a graded manifold, whose algebra of functions is
F (L[1])= Ŝ(L[1]∗), where Ŝ(V ∗), the formal comple-
tion of the algebra of graded symmetric polynomials
on a graded vector space V , is defined as
Ŝ(V ∗)= lim
←−−
S≤k (V )∗= lim
←−−
(
S(V ∗)/S≥k+1(V ∗)
)
. (1)
An L∞-structure on L is in one-to-one correspon-
dence with a pointed Q-structure on L[1], that is,
a Q-field vanishing at the origin (cf. [60]). The Tay-
lor power expansion of Q at 0 gives us a series of k-
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linear operators Sk (L[1])→ L[2] or, equivalently, us-
ing a natural isomorphism of graded vector spaces
Sk (L[1]) ∼= Λk (L)[k], a series of skew-symmetric (in
the graded sense) k-linear operators lk : Λ
kL→ L[2−
k], which satisfy the compatibility conditions deter-
mined by the corresponding Q-field. In particular,
the nilpotency condition [Q,Q] = 0 implies that l1
is a degree one differential, while l2 is a degree zero
skew-symmetric bilinear L-valued form (a pre-Lie
structure on L), the Jacobi identity of which is satis-
fied up to the homotopy term l1 ◦ l3+ l3 ◦ l1, etc.
Definition 2.3. There is a categoryQMan, whose objects
are Q-manifolds and morphisms are degree preserving
maps φ : (M1,Q1)→ (M2,Q2), which are compatible with
theQ-structures; the lattermeans that the pull-backmap
on functions φ∗ : F (M2)→F (M1) is a chain map:
Q1 ◦φ
∗
=φ∗ ◦Q2 . (2)
The category of Q-manifolds is supplied with the
unit object (pt ,0) and the direct product ofQ-manifolds
(M1,Q1) and (M2,Q2), such that the underlyingZ-graded
Q-manifold is the direct product M1 ×M2 and the Q-
structure Q12 is uniquely determined by the property
Q12( f h) = Q1( f )h + (−1)
deg f f Q2(h) for any f ∈ F (M1)
and h ∈ F (M2). The latter makes QMan into a symmet-
ric monoidal category (cf. [61]). In addition to the hom-
set Hom(M1,M2), consisting of homomorphisms of Q-
manifolds, later on being referred to asQ-maps, there ex-
ists the internal hom Hom(M1,M2), an object in a (nor-
mally) larger category of super Q-spaces, which is char-
acterized by the property
Hom(M ×M1,M2)∼=Hom
(
M ,Hom(M1,M2)
)
(3)
for any M ∈ QMan. In particular, when M1 has a com-
pact base (i.e. a compact zero-degree part), the internal
hom is a well-defined (generally) infinite-dimensionalQ-
manifold [62]. The graded super space Hom(M1,M2) to-
gether with the Q-structure is called the space of super
maps between (M1,Q1) and (M2,Q2), also known in phys-
ical literature as super fields. Its coordinate description
is more transparent: let M1 and M2 be flat graded su-
permanifolds with coordinates (xa ,ξµ) and ui , respec-
tively, such that deg(xa) = 0, deg(ξµ) = lµ, lµ 6= 0, and
deg(ui ) =mi . Then a super map M1 → M2 is expressed
as follows:
ui =
∑
µ1,...,µr
ξµ1 · · ·ξµrφµ1...µr (x) , (4)
where φµ1···µr (x) are smooth functions of x, declared to
be of the degreemi −
r∑
j=1
lµ j . Then amorphism of graded
super manifolds is a super map characterized by the
property that all non-vanishing coefficients φµ1···µr (x)
have degree 0. The Q field on the space of super maps
is induced in the standard way by the left- and right- in-
finitesimal actions of the correspondingQ-fields.
Definition2.4. [56] AQ-bundle is a fibered bundle in the
category QMan, that is, a locally trivial Z-graded bundle
π : E →M over aQ-manifold M , supplied with a totalQ-
structure, such that the projectionmap is aQ-morphism.
AQ-section is aQ-morphismσ : M→ E , such that π◦σ=
Id.
Example 2.5. Let πX : E → X be a fibered bundle over a
smoothmanifold, thenπ= dπX : (T [1]E ,dE )→ (T [1]X ,dX )
is a Q-bundle.
Remark 2.6. dπX from Example 2.5 is locally trivial as a
Q-bundle, whichmeans that it is locally isomorphic to the
product of the shifted tangent bundles of the base and the
fiber. However, not every Q-bundle is locally trivial; this
depends on the base of the Q-manifold and, in the case
of an infinite-dimensional fiber, also on the class of func-
tions that we regard as smooth. Later on we will see exam-
ples of infinite-dimensional Q-bundles over T [1]X (for a
finite-dimensional X ), which are not locally trivial in the
above sense.
Definition 2.7. Let V be a Z-graded vector space (for
simplicity, we assume that the grading is bounded either
from above or from below). We shall call (T [1]V ,dV ) a
contractibleQ-manifold.
By the definition, a contractibleQ-manifoldpossesses
a homogeneous coordinate system (wα,vα), such that
Qwα = vα.
Definition 2.8. A Q-bundle λ : M ′ → M is called an
equivalent reduction of Q-manifolds (or an equivalence
Q-reduction) if λ admits a global Q-section σ : M →M ′
and a local trivialization (as aQ-bundle) over some open
cover {Ui } of M with a contractible Q-fiber T [1]V for
some V .
Remark 2.9. Given an equivalent reduction of Q-mani-
folds, we can always find a local trivialization which is
compatible with the section σ in the sense that σ|Ui co-
incides with the canonical inclusion Ui ,→ Ui × T [1]V .
Indeed, let (u j ,wα,vα) be a system of adapted coordi-
nates on λ−1(U ) over a coordinate chart (U ,u j ), such that
Q ′u j = Qu j = Q j (u) and Q ′wα = vα. Assume that σ|U
is determined by equations ŵa = v̂α = 0, where ŵa =
wα− f a (u), v̂a = vα−ha(u). Taking into account thatσ is
a Q-morphism, we immediately obtain Q ′ f a (u) = ha(u)
and thus Q ′ŵα = v̂a . A new adapted coordinate system
(u j , ŵα, v̂α) is obviously compatible with σ.
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Definition 2.10. The minimal equivalence relation gen-
erated by the equivalenceQ-reduction is called an equiv-
alence ofQ-manifolds.
Proposition2.11. EquivalentQ-manifolds have the same
Q-cohomology in all natural Q-complexes.
Proof. It is sufficient to verify this statement for an equiv-
alentQ-reduction λ : M ′→M . In order to do this, we use
a trivialization of λ over an open cover of M , which is
compatible with the section σ, and then the associated
C˘zech hypercomplex. In particular, let J be the sheaf of
functions onM ′, vanishing on the image of σ. Then J is
acyclic over any Ui and thus it is globally acyclic. Given
that F (M ′) = λ∗F (M )⊕J as a Q-complex, this proves
that Hk
Q
(F (M ′)) ∼= HkQ(F (M )) for all k. A similar argu-
ment can be applied to all tensor fields, viewed as a Q-
complex with respect to the Lie derivative alongQ. ä
Remark 2.12. The property (2.11) will remain true if we
omit in Definition 2.10 the condition that M ′→M is aQ-
bundle; more precisely, we may consider an equivalence
relation, generated by all pairs of M ⊂M ′ of embeddedQ-
submanifolds together with the property that M ′ admits
an open coverU ′
i
, such thatU ′
i
∼=
(
U ′
i
∩M
)
×T [1]V for all i .
We use theQ-bundle structure in Definition 2.10 for some
technical convenience.
The language of trivial and equivalent Q-manifolds
turns out to be a useful tool in various cases. For in-
stance, let us illustrate how equivalent reductions often
arise in applications. Given a Q-manifold (M ,Q) sup-
pose that locally we succeeded to identify independent
functions {wa} such that {wa ,Qwa } are also independent
functions. It then turns out that the surface defined by
{wa = 0,Qwa = 0} is a Q-submanifold. Moreover, for M
finite-dimensional M is locally a trivial Q-bundle over
the surface. In general one is to check whether the bun-
dle is locally trivial.
A typical example where in this way one indeed pro-
duces an equivalent reduction is a linear Q-manifold
(M ,Q), associated to a complex (M ,δ), i.e. M is a graded
vector space and δ is a nilpotent linear operator of de-
gree 1. Let on M there is an additional degree such that
it is bounded from below and δ decomposes into a sum
of homogeneous components δ = δ−1 + δ0 + . . .. It fol-
lows δ−1 is again a differential and let M¯ be its coho-
mology and {wa ,va ,ui } a basis in M such that δ−1va =
wa and δ−1ui = 0. If u
i ,wa ,va are coordinate functions
dual to basis elements {ui ,wa ,va } then Qw
a = va + . . .
and moreover wa ,Qwa ,ui is also a legitimate coordi-
nate system. A subspace wa = 0,Qwa = 0 is a linear Q-
submanifold which corresponds to an equivalent com-
plex (M¯ , δ˜), where δ˜ is a differential induced by δ in
the cohomology of δ−1. The above considerations are
known [19] in the context of gauge theories and can be
seen as a super-geometrical interpretationof the spectral
sequence technique applied to the filtered complex.
More general example of equivalentQ-reduction arise
in L∞ algebras. Consider an L-infinity algebra L together
with the corresponding Q-structure on L[1], denoted as
QL . Let L¯ be the cohomology of the complex (L, l1). As-
sume that ı : L¯ ,→ L is a ‘harmonic-type’ embedding of
the cohomology into the whole complex as a graded vec-
tor subspace and choose an adapted basis {ui ,wa ,va }
such that l1va = wa and ui form a basis in ıL¯ ⊂ L. It
follows, ıL¯ is determined by linearly independent lin-
ear homogeneous equations {wα = 0,vα = 0}, where
ui ,wa ,va are coordinate functions dual to basis ele-
ments {ui ,wa ,va } and a belongs to a countable ordered
set. Not that l∗1 (w
a) = va for all a. Now we consider a
modified embedding of L¯ into L determined by {wa =
0,QLw
a = 0}. Using the filtration of the Q-complex of
functions F (L[1]) by the polynomial powers one can
show that {wa ,QLw
a} are again functionally indepen-
dent and thus the subset {wa = QLw
a = 0} is a Q-
submanifold of L[1], which is isomorphic to L¯. The in-
ducedQ-structuremakes L¯ into an L∞-algebra (themini-
malmodel of L) and the new inclusion L¯ ,→ L into a quasi-
isomorphism of L∞-algebras. Such a procedure is known
inmathematical literature as the homotopy transfer.
Example 2.13. Let χ : X →Σ be a vector bundle. Consider
the pull-back bundle V : = χ∗(X ) = X ×Σ X over the total
space X ; V admits the canonical section F , induced by the
diagonal embedding X ,→ X ×ΣX , the zero locus of which,
Σ = F−1(0), coincides with the zero section of χ. One can
easily verify that (Λ•V ∗,δ= ιF ) is the Koszul resolution of
Σ, i.e.
H iδ(Γ(Λ
•V ∗))=
{
C∞(Σ) , i = 0
0, i 6= 0
(5)
If we impose that sections of ΛiV ∗ have the degree −i , so
that the whole space of sections Γ(Λ•V ∗⊗Λ•g∗) becomes
isomorphic to the algebra of functions on M = V [−1],
then (M ,δ) is a non-positively graded Q-manifold. Fur-
thermore, using the projection M→Σ and the embedding
Σ→ M, uniquely determined by the vector bundle struc-
ture χ, one can check that (M ,δ) and (Σ,0) are equivalent
Q-manifolds.
More precisely, let U be an open subset of Σ with lo-
cal coordinates za and qµ be some linear fiber coordi-
nates on X |U . The associated local coordinates on V are
(za ,qµ, (q ′)ν), such that the canonical section F is given
by (za ,qµ) 7→ (za ,qµ,qµ). Let pµ be local fiber coordinates
on V [−1] corresponding to (q ′)µ, so that the degree of pµ
is equal to −1. Then δwill take the form δ=
∑
µ q
µ∂pµ .
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Example 2.14. Let g be a Lie algebra, X → Σ be a
g−equivariant bundle. Then F from Example 2.13 is an
equivariant section of a g−equivariant vector bundle V →
X . Let
(
Γ(Λ•V ∗⊗Λ•g∗) ,γ
)
be the Chevalley–Eilenberg
complex, corresponding to the g−action on sections of
Λ
•V ∗ and s = δ+ γ, where the Koszul operator δ is ex-
tended to thewhole space by linearity. ThenM =V [−1]X×
(g[1]×X ) is a Q-manifold, which is equivalent to (g[1]×
Σ,γ0). Here γ0 is the Chevalley–Eilenberg differential, cor-
responding to the g-action on Σ.
Definition 2.15. Let (M ,Q) be a Q-manifold, ξ be a de-
gree −1 vector field on M . An infinitesimal gauge sym-
metry generated by ξ is the degree zero vector field δξ =
[ξ,Q] = ξQ +Qξ (cf. [63] and also [64] in the Lagrangian
case.).
Let ι : (N ,QN ) ,→ (M ,Q) be an embeddedQ-submani-
fold, i.e. N ,→ M is an embedded Z-graded submani-
fold such that Q|N = QN . Let us consider TN = (TM )|N
as a graded vector bundle over N . A section of de-
gree k of TN can be viewed as a ι-derivation of F (M )
with values in F (N ), that is, a degree k linear opera-
tor v : F (M )→ F (N ), which satisfies the ι-Leibniz rule
v( f h)= v( f )ι∗(g )+ (−1)k deg f ι∗( f )v(h) for any two func-
tions f ,h on M , where the first function is of pure de-
gree. Given a vector field η on M , its restriction onto
N is a section of TN , corresponding to the ι-derivation
ι∗ ◦ η : F (M ) → F (N ). The linearization of Q at N de-
fines a nilpotent degree 1 bundle map TN → TN , v 7→
v ◦Q− (−1)kQN ◦v for any v ∈ Γ(TN )
k .
Definition 2.16. Let ǫ be a degree −1 section of TN . An
infinitesimal gauge symmetry at N generated by ǫ is the
degree zero ι-derivation δǫ = ǫ◦Q+QN ◦ǫ.
The nilpotency condition for Q asserts that any in-
finitesimal gauge symmetry commutes withQ, therefore
the corresponding infinitesimal flow preserves the sub-
space of Q-submanifolds. The proof of the next state-
ment is straightforward.
Proposition 2.17. Given aQ-submanifold N of M, the re-
striction of any gauge symmetry δξ onto N is an infinites-
imal gauge symmetry at N, generated by ǫ= δξ|N .
2.2 PDEs
By definition PDE is a pair (EX ,C ), where EX is a mani-
fold and C (EX ) (denoted by just C in what follows if it
doesn’t lead to confusions) is an involutive distribution
C (EX )⊂ TEX called Cartan distribution. It is typically as-
sumed (as it’s done later) that
i) EX is a locally trivial bundle πX : EX → X over the
manifold X of independent variables.
ii) Canonical projection πX induces an isomorphism
Cp (EX )→ TπX (p)X for all p ∈ EX . In particular C is
of constant rank, which is equal to dim(X ).
iii) (EX ,C ) can be embedded into some jet bundle as an
infinitely prolonged equation, at least locally.
For an infinitely prolonged PDE realized as a subman-
ifold of the respective jet-bundle (in particular, the jet-
bundle itself) the Cartan distribution is canonical. For a
modern review see e.g. [30].
It is useful to consider the algebraΩh(EX ) of horizon-
tal differential forms on EX , i.e. forms on EX that vanish
on vertical vectors. This can be seen as generated by func-
tions on EX and differential forms on X pulled back by
the canonical projection. It is also convenient to think of
Ωh(EX ) as functions on the supermanifold E =C [1](EX ),
i.e. the total space of the Cartan distribution with the re-
versed parity of fibers. If xa are local coordinates on X
then π∗X (dx
a) are basis horizontal forms which we de-
note just by dxa in what follows.
The total derivatives along xa , denoted byDa , are (lo-
cally defined) vector fields generating C (EX ), such that
(πX )∗(Da ) =
∂
∂xa . For instance, if EX is the jet-bundle of
the trivial vector bundle X ×R1→ X , then
Da =
∂
∂xa
+φa
∂
∂φ
+φab
∂
∂φb
+·· · (6)
where φ is the fiber coordinate and φa··· are its ‘deriva-
tives’. In terms of local coordinates the horizontal differ-
ential reads as
dh = dx
aDa (7)
and can be considered as aQ-structure on E .
Homological vector field dh encodes the Cartan dis-
tribution so that in the language of supermanifolds PDE
can be defined as (E ,dh). Moreover, E can be thought of
as a super-bundle over T [1]X in which case the canon-
ical projection is a morphism of Q-manifolds: (E ,dh)→
(T [1]X ,dX ). This conditionprecisely implies that the pro-
jection induces the isomorphism Cp (EX )→ TπX (p)X .
Vector fields on EX belonging to the Cartan distribu-
tion can be represented as restrictions to EX of vector
fields on E of the form:
[dh ,Z ] , deg(Z )=−1 (8)
Evolutionary vector fields (i.e. preservingCartan distribu-
tion) on EX are then in one-to-one correspondence with
dh-cohomologyH
0([dh, ·]) of the space of vector fields on
E . In other words symmetries of the PDE (E ,dh) are pre-
cisely the above cohomology. Note that each cohomology
5
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class has a representative which is vertical. Indeed, a hor-
izontal piece HaDa of Z can be removed by subtracting[
dh,H
a ∂
∂(dxa )
]
.
2.2.1 Intrinsic representation of PDE
Given PDE (EX ,C ) defined in terms of intrinsic geom-
etry of EX (i.e. without referring to one or another em-
bedding of EX into a jet-bundle) one can construct a jet-
bundle in terms ofEX and embed (EX ,C ) as an infinitely-
prolonged equation therein. More precisely, consider
J1(EX ) (recall that EX is a bundle over X ). The Cartan dis-
tribution on EX can be represented as a 1-form on EX
with values in vertical tangent vectors such that it is zero
on Cp (EX ) and acts identically on vertical vectors. This
form can be regarded as a connection 1-formΓ of the Car-
tan distribution seen as an Ehresmann connection. The
involutivity of the Cartan distribution is equivalent to the
flatness of the connection.
At the same time Γ can be viewed as a section of
J(EX )→ J
1(EX ). The image of this section is a subman-
ifold E ⊂ J1(E0) which is by construction diffeomorphic
to EX . Being a submanifold of the jet-bundle, E defines a
new equation. It is easy to check that this equation is just
a new form of (EX ,C ), i.e. is equivalent to (EX ,C ).
Let us write down explicitly the new form of the equa-
tion. If ψA are coordinates on the fibers of EX , vector
fieldsDa can be locally written as
Da =
∂
∂xa
+Γ
A
a (x,ψ)
∂
∂ψA
(9)
for some functions ΓAa (x,ψ). Of course Γ
A
a (x,ψ) are just
nontrivial components of the connection 1-form. The re-
maining components ΓBA = δ
B
A thanks to the condition
that it acts identically on vertical vectors. The submani-
fold E ⊂ J1(EX ) is determined by the constraints
ψAa =Γ
A
a (x,ψ) . (10)
Switching to the standard language of dependent and
independent variables this PDE has xa as independent
variables, ψA as dependent and the equations read ex-
plicitly:
∂
∂xa
ψA(x)= ΓAa (x,ψ(x)) (11)
It is easy to check that equation is equivalent to the start-
ing point (EX ,C ). This form of the equation can be re-
garded as the covariant constancy form.
Let us give a supergeometrical interpretation of the in-
trinsic representation. To this end let us considerET [1]X =
C [1](EX ) as a superbundle over T [1]X . Let σ be a sec-
tion of this bundlewhich preserves the degree, i.e.σ∗ pre-
serves the degree. The condition that σ is a solution has
a simple geometrical meaning:
σ∗ ◦dh =dX ◦σ
∗ (12)
where dX is the canonical Q-structure on T [1]X (de
Rham differential on X ). In other words σ is aQ-map. If
ψA are local coordinates on the fibres then applying the
above equality toψA one again gets:
∂
∂xa
ψA(x)= (dhψ
A)|ψB=ψB (x) = Γ
A
a (x,ψ(x)) , (13)
where ψA(x) = σ∗(ψA). This is precisely the covariant
constancy equation (11).
2.3 Standard gauge PDEs
To motivate the introduction of gauge PDE as a geomet-
rical object let us recall what is typically called classi-
cal local gauge field theory in physics literature. Instead
of starting with equations of motion, gauge symmetries,
and gauge for gauge symmetries and then constructing
BV formulation we immediately start with BV. More pre-
cisely, consider the space of fields, ghosts, antifields, etc.,
which in geometrical terms is a graded locally trivial bun-
dle FX → X over space-time manifold X . In addition FX
is assumed to be finite-dimensional though some rea-
sonable generalization such as locally finite-dimensional
bundles can be also allowed. This data gives rise to the
jet-bundle EX = J
∞(FX ) over X which is also a graded
and locally trivial bundle over X , the grading is called
ghost degree. All the information about the theory is con-
tained in the BV-BRST differential s which is assumed
nilpotent, vertical, evolutionary and of ghost degree 1. In
what follows we refer to this geometrical data as to stan-
dard gauge pre-PDE. If the theory is Lagrangian, in addi-
tion one requires EX to be equippedwith an odd Poisson
bracket of ghost degree 1 and s to be Hamiltonian, giving
the usual Batalin–Vilkovisky formulation of the system.
It is instructive to see how equations of motion and
gauge symmetries are encoded in the homological vec-
tor field s. To this end let us introduce local coordinates
xa ,φi ,cα,P µ, . . . on the underlying bundle FX (seen as 0-
th jets) such that xa are coordinates on the base, φi coor-
dinates of degree zero (fields), cα of degree 1 (ghosts),P µ
of degree−1 (antifields). Note that in general there can be
coordinates of higher and lower ghost degrees, which are
responsible for relations between the equations, gauge
transformations and their higher analogs. Then the equa-
tions of motion and gauge symmetries can be explicitly
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written as [19]:
(sP µ)|
Ψk=0,k 6=0 = 0, δǫφ
i
= (sφi )|
Ψk=0,k 6=0,1,cα→ǫα , (14)
where Ψk denote all the coordinates of ghost degree
k and in the second formula ghost fields cα and their
derivatives are to be replaced by gauge parameters ǫα(x)
and their derivatives. In a similar way one defines higher
order (gauge for gauge) gauge transformations.
Inmore geometrical terms solutions are parallel (with
respect to Cartan distribution) degree zero sections of
EX → X such that s vanishes on them. It is also useful to
define the stationary surface, which is the body (i.e. de-
gree zero submanifold) of the zero locus of s. In these
terms solutions are precisely those sections whose pro-
longations belong to the stationary surface.
To get amore geometrical understanding of the gauge
transformations let ξ be a vertical evolutionary vector
field of ghost degree −1. Such field is always a prolon-
gation of a vertical field ξ0 on FX which serves as a
gauge parameter in this setting. Just like in the case ofQ-
manifolds the infinitesimal gauge transformation associ-
ated to ξ is an evolutionary vector field [s,ξ]. This vector
field clearly restricts to the body of EX . Indeed, the body
of EX is locally determined by equations Ψ
k 6=0 = 0. Be-
cause [s,ξ] carries vanishing degree, [s,ξ]Ψk carries non-
vanishing degree for k 6= 0 and hence vanishes on the
body of EX . It is important to distinguish infinitesimal
gauge transformations understood as vector fields on the
entireQ-manifold and those on its body or the stationary
surface.
To see the relation with (14) let us take ξ0 = ǫ
α(x) ∂∂cα .
It is easy to check that the restriction of [s,ξ] to the body
of EX coincides with the second formula in (14):
([s,ξ]φi )
∣∣
Ψk=0k 6=0 = (ξsφ
i )
∣∣
Ψk=0k 6=0
= (sφi )
∣∣
Ψk=0k 6=0,1,cα→ǫα .
(15)
Just like in the case of usual PDEs it is useful to switch
to the language of Q-bundles. To this end let us extend
J∞(FX ) to the bundle ET [1]X over T [1]X . Now the to-
tal space is equipped with a bidegree (p,k), where p is
the form degree (i.e. homogeneity in θa ≡ dxa) and k
is the original ghost grading. The condition that section
σ : T [1]X → EX is a solution is equivalent to that σ is a
Q-map (T [1]X ,dX )→ (ET [1]X ,dh+s) of bidegree (0,0). In-
deed, vanishing bidegree implies thatσ is aQ map for dh
and s separately.
An important observation is that in this setting it is
sufficient to take care of the total degree only. More pre-
cisely, let us consider aQ-section σ of total degree 0 and
show that it is gauge equivalent (with the parameter of
total degree −1) to a bidegree (0,0) section. The natu-
ral gauge equivalence of such sections is defined as fol-
lows: let χ∗ be a degree −1 map F (ET [1]X )→ F (ET [1]X )
satisfying χ∗( f g ) = χ∗( f )σ∗(g )+ (−1)| f |σ∗( f )χ∗(g ) and
χ∗(xa) = χ∗(θa) = 0. It plays a role of gauge parameter.
The infinitesimal gauge transformation then reads as
δσ∗ = dX ◦χ
∗
+χ∗ ◦Q . (16)
It is easy to see that this preservesQ-map condition.
To analyze explicitly the equations and gauge equiva-
lence it is convenient to extend FX to a bundle FT [1]X over
T [1]X and to work with super jet-bundle J∞(FT [1]X ). It is
equipped with the total ghost degree and the horizontal
degree arising from the standard grading on T [1]X . Sec-
tions of ET [1]X of total degree zero can be identified with
bidegree (0,0) sections of J∞(FT [1]X ).
Let us introduce coordinates xa ,θa ,ψA
(a1···al )|[b1···bk ]
on J∞(FT [1]X ), Note that the total degree ofψ
A
(a1···al )|[bl ···bk ]
is gh(ψA)−k. It is convenient to packψ-coordinates into
the following generating functions:
Ψ
A(y,ξ)=
∑
k ,lÊ0
1
k !l !
ξak · · ·ξa1 ybl · · · yb1ψA(b1···bl )|[a1···ak ]
≡ ξ(ν)y (a)ψA(b)|[ν] . (17)
In the above local coordinates a section of ET [1]X is lo-
cally a collection of functions ψA
(a1···al )|[bl ···bk ]
(x) and it is
convenient to parameterize it in terms ofΨA(x, y,ξ).
In these terms it is useful to introduce the following
locally defined (differential) operators on sections:
dFΨ=Ψ
( ←
∂
∂xa
ξa
)
, σFΨ=Ψ
( ←
∂
∂ya
ξa
)
, (18)
For instance:
dFψA()|[b] =Dbψ
A
()|[] , σ
FψA()|[b] =ψ
A
(b)|[] . (19)
If we denote by ψ
αk
k
all the ψA
(a)|[b]
of total degree k,
the condition that ψ
α0
0 (x) determine a Q-section takes
the form:(
(dF −σF + s¯)ψ
α−1
−1
)∣∣
ψ
αk
k
=0,k 6=0
= 0, (20)
where s¯ denote a natural prolongation of s from J∞(FX )
to J∞(FT [1]X ). At the same time infinitesimal gauge trans-
formation reads as
δψ
α0
0 =
(
(dF −σF + s¯)ψ
α0
0
)∣∣
ψ
αk
k
=0,k 6=0,1,ψ
α1
1 =ǫ
α1 (x)
. (21)
All the coordinates ψA
(a1···al )|[bl ···bk ]
besides ψA()|[] can
be split into two subsets wq ,vq such that σFwq = vq . It
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is also convenient to denote by w
qk
k
and v
qk
k
those of de-
gree k. Consider the following subset of equation (20):(
(dF −σF + s¯)w
q−1
−1
)
|
ψ
αk
k
=0,k 6=0
= 0. (22)
This determines v
q0
0 in terms of other variables. Further-
more, analyzing gauge transformations one finds that
δw
q0
0 =−ǫ
a1 +·· · , (23)
which upon using suitable degree implies that w
q0
0 can
be set to zero. Again using a suitable degree one can an-
alyze the remaining equations order by order and show
that after setting w
q0
0 = 0 all v
q0
0 that carry positive form
degree also vanish (the formdegree is introduced accord-
ing to deg
(
ψA
(a1···al )|[b1···bk ]
)
= k.
This shows that anyQ-section preserving the total de-
gree is equivalent to a section preserving bidegree using
the equivalence relation. What we just demonstrated is
that the gauge theory defined in terms of (EX , s) is equiv-
alent to the one whose fields are sections preserving the
total degree and equations of motion are conditions that
the section is a Q-morphism. A remarkable fact is that
this equivalent theory also admits a concise BV formula-
tion. Indeed, one simply takes sP = dF −σF + s¯ (extended
to a vector filed on super-jet bundle J∞(ET [1]X )) to be its
BV-BRST differential and J∞(ET [1]X ) as a jet-bundle. This
is again a standard gauge PDE, known as the parent for-
mulation [32], which is equivalent to the original gauge
theory. This equivalence as well as the above considera-
tions explicitly made use of coordinates and hence work
only locally. One of the goals of the present work is to pro-
pose a globally well-defined notion of a gauge PDE and
parent formulation.
To summarize, given a standard gauge PDE one can
either use the standard interpretation where solutions
are Q-sections preserving bidegree or define solutions
to be Q-sections preserving only the total degree. In so
doing one should also adjust accordingly (higher) gauge
transformations. The two interpretations are equivalent.
The second of themhas an advantage because it does not
require extra degree and hence is more flexible. In the
next section we develop an approach to gauge PDEs us-
ing this more flexible interpretation.
Example 2.18 (Standard form of Maxwell gauge PDE).
To illustrate the notion of gauge PDE consider a simple
example of Maxwell equations seen as a gauge theory.
The geometrical data determining the system is a pseudo-
Riemannian manifold X which we take to be Minkowski
space for simplicity. The fiber bundle FX is a direct sum
of T X ⊕U, where U is a trivial vector bundle with 1-dim
fiber of degree 1, and its dual vector bundle with the de-
gree shifted by −1. As local coordinates on the fibers we
take Ab ,C ,P ,A
b
∗ of the following ghost degree:
gh(Ab )= 0,
gh(C )= 1,
gh(P )=−2,
gh(Ab∗)=−1.
(24)
The BV-BRST differential is an evolutionary vertical vector
field on J∞(FX ) determined by
sAb∗ =Dc (D
cAb −DbAc ) ,
sAa =DaC ,
sP =Dc A
c
∗
(25)
where Da denotes the total derivative. Let σ be a section
X → J∞(FX ) of vanishing degree. The condition that σ is
a solution says that σ is parallel and s vanish at its image.
The first condition implies that σ is a prolongation of a
section σ0 : X → FX :
σ∗0 (Ac )= Ac (x) ,
σ∗0 (C )= 0,
σ∗0 (P )= 0,
σ∗0 (A
a
∗)= 0.
(26)
Asking that s vanishes on the image of σ amounts to
∂a (∂
bAc (x)−∂cAb (x))= 0, i.e. Maxwell equation. Replac-
ing (total derivatives of) C in sAa with (derivatives of)
gauge parameter ǫ(x) according to (14) one arrives at the
standard gauge transformation law: δǫAa (x)=
∂
∂xa ǫ(x).
3 Gauge PDE as a Q-bundle
Nowwe are ready to introduce the notion of a gauge PDE,
which is more flexible than standard gauge PDEs dis-
cussed in the previous Section. We first introduce more
general objects, gauge pre-PDEs, and then define their
equivalences. Thenwe define gauge PDEs as those gauge
pre-PDEs which satisfy some extra conditions formu-
lated using the equivalence.
Definition 3.1. Gauge pre-PDE is a Z-graded Q-bundle
(ET [1]X ,Q) over (T [1]X ,dX ), where (T [1]X ,dX ) is consid-
ered as a graded Q-manifold with the canonical degree
(form degree) and the canonical Q-structure (de Rham
differential).
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For simplicity in what follows we restrict to the case
where (ET [1]X ,Q) is a locally trivialZ-graded bundle over
T [1]X (but we do not require it to be locally trivial as a
Q-bundle).
To this end we need the following:
Definition 3.2. Gauge pre-PDE (ET [1]X ,Q) is called con-
tractible if as a bundle over T [1]X it is locally trivial, ad-
mits a global Q-section, and its fiber is a contractible Q-
manifold.
Let us explicitly write down the local structure of a
contractible PDE in terms of local coordinates. By defi-
nition one can find local coordinates (local trivialization)
xa ,θa ,w I ,v I such that
Qxa = θa , Qw I = v I . (27)
Now the equivalence is defined as
Definition 3.3. Gauge pre-PDE (ET [1]X ,Q) is an equiv-
alent reduction of (E ′
T [1]X
,Q ′) if (E ′
T [1]X
,Q ′) is a locally-
trivial Q-bundle over (ET [1]X ,Q) (in the category of Q-
bundles over T [1]X ) whose fiber is contractible and
which admits a global Q-section i : ET [1]X → E
′
T [1]X
. The
equivalence relation generated by the equivalence reduc-
tion is called the equivalence of gauge pre-PDEs.
Proposition 3.4. Two gauge pre-PDEs are equivalent if
and only if there exists a third one such that the two are
its equivalent reductions.
Proof. It is sufficient to check the transitivity property, i.e.
to show that, if (E1,Q1) and (E2,Q2) are equivalent reduc-
tions of (E ′,Q ′), (E2,Q2) and (E3,Q3) are equivalent re-
ductions of (E ′′,Q ′′)3, then there exists a gauge pre-PDE
(E ,Q) such that (E1,Q1) and (E3,Q3) are equivalent reduc-
tions of (E ,Q).
First, let us notice that the composition of two subse-
quent equivalent reductions is an equivalent reduction.
On the other hand, the fibered product of twoQ-bundles
over an arbitrary Q-manifold is again a Q-bundle over
the same base. By use of the latter, we take (E ,Q) : =
(E ′,Q ′)×(E2,Q2) (E
′′,Q ′′).
Indeed, it is easy to verify that the canonical projec-
tions (E ,Q)→ (E ′,Q ′)→ (E1,Q1) and (E ,Q)→ (E
′′,Q ′′)→
(E3,Q3) have contractible fibers. Furthermore, (E ,Q) →
(E1,Q1) admits the canonical Q-section given by the
composition of sections (E ,Q1)→ (E
′,Q ′) and (E ′,Q ′)→
(E ,Q), where the last one is induced by the Q-section
3 For simplicity we omit the subscript T [1]X as it is clear that all
these bundles are defined over T [1]X .
(E2,Q2) → (E
′′,Q ′′) and the Q-morphism E ′ → E ′ × E ′′.
Similarly, (E ,Q)→ (E1,Q1) admits the canonicalQ-section
which is defined in likemanner. Thus (E1,Q1) and (E3,Q3)
are equivalent reductions of (E ,Q). This finally proves the
proposition. ä
In particular, a contractible gauge pre-PDE is always
equivalent to empty pre-PDE T [1]X . In agreement with
Section 2.3 we call a pre-PDE (ET [1]X ,Q) standard if
ET [1]X is an extension to T [1]X of a bundle J
∞(FX )→ X ,
with FX (locally) finite-dimensional, andQ =dh+s where
dh is a canonical horizontal differential on the jet-bundle
and s is vertical.
Definition 3.5. Gauge pre-PDE (ET [1]X ,Q) is a gauge
PDE if it is equivalent to a:
i) nonnegatively graded gauge pre-PDE and
ii) standard gauge pre-PDE
Let us see what a gauge PDE looks like in terms of lo-
cal trivialization. By assumption ET [1]X as a graded man-
ifold can be represented locally as a product of T [1]X
(with canonical grading) and a typical fiber H in such
a way that the Z-degree is the total degree. In other
words local trivialization induces a local noncanonical
bidegree. According to this bidegree Q decomposes as
follows Q = Q0,1 +Q1,0 +Q2,−1 + ·· · where the first sub-
script denotes the degree on T [1]X (i.e. form degree).
Note that there are no components of negative form de-
gree because these can only originate from terms involv-
ing ∂∂θa but these are forbidden becauseQ projects to dX
by the canonical projection. Note that ifQi , j = 0 for i > 1
we are back to the conventional situation where Q1,0 is
interpreted as dh while Q0,1 as s. Note that in general
Qi , j 6= 0 for i > 1 and moreover the split ofQ depend on
the choice of local trivialization.
One can consider a restricted class of gauge (pre)-
PDEwhere ET [1]X is equippedwith bidegree, i.e. the total
degree canonically splits into the sum of horizontal de-
gree which projects to form degree on T [1]X and the ver-
tical degree. In this case the decomposition ofQ into ho-
mogeneous pieces is canonical so that requiringQi , j = 0
for i > 1 one arrives at a particular class which can be
called bigraded gauge (pre)-PDE. If in addition ET [1]X is
a jet-bundle we are back to standard gauge (pre)PDEs.
As we are going to see any gauge PDE can be equiv-
alently represented as a standard gauge (pre)PDE. How-
ever, the formalism where the bidegree is not preserved
is very convenient.
Example 3.6 (Gauge ODE). As a toy model example il-
lustrating the flexibility of the formalism let us consider a
gauge PDE over T [1]X withdim(X )= 1. Let us restrict our-
selves to the case where EX is finite-dimensional (which is
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not a severe restriction in 1d) and introduce local coordi-
nates x,θ,ψα, where x,θ are pullbacks of standard coordi-
nates on T [1]X . The general form of Q which projects to
dX = θ
∂
∂x on T [1]X reads as
Q = θ
∂
∂x
+θV +q ,
V =V α(x,ψ)
∂
∂ψα
,
q = qα(x,ψ)
∂
∂ψα
.
(28)
The terms θV and q have a clear interpretation of the ‘evo-
lution’ vector field and the BRST differential q respectively.
In one or another version this form showed up in the liter-
ature [32, 65]. In particular, its counterpart in the case of
Hamiltonian/Lagrangian case was already in [44].
Example 3.7 (Minimal form of Maxwell gauge PDE). In
the setting of example 2.18 let us describe the same gauge
PDE as a Q-bundle which is not any longer a jet-bundle
andwhere the bidegree is not preserved. As before let xa,θa
denote local coordinates on T [1]X and let the fiber be a
superspace with coordinates C ,Fab ,Fab;c , . . .Fab;c··· such
that gh(C ) = 1, gh(F ) = 0, Fab;c1···ck = Fa(b;c1···ck ), with
() denoting symmetrization, and all F... are totally trace-
less with respect to the Minkowski space metric. The Q-
structure on the total space ET [1]X is determined by
Qxa = θa ,
QC =
1
2
θaθbFab ,
QFab = θ
cFab,c ,
...
(29)
The condition that σ : T [1]X → ET [1]X is a Q-map takes
the form
dX A(x,θ)=
1
2θ
aθbFab(x,θ) ,
dXFab(x)= θ
cFab,c (x) ,
...
(30)
where A(x,θ) and Fab,···(x) are introduced as σ
∗C =
A(x,θ)= Aaθ
a and Fab,···(x)=σ
∗(Fab,···). Taking the trace
of the second equation and using the first one, one imme-
diately arrives at the Maxwell equation on Aa (x).
The Q-manifold (BRST complex) determined by Q on
EX and its generalization to YM theory and Einstein grav-
ity has been actively discussed in [66,67] while the first re-
lation in (29) is the version of so-called ‘Russian formula’
[68]. This formulation is also closely related to the un-
folded formulation [53, 54]. Note that (29) is a minimal
BRST complex in the sense that one cannot reduce it fur-
ther (at least in the space of local functions).
3.1 AKSZ-type sigma models
An interesting class of gauge PDEs is provided by so-
calledAKSZ-type sigmamodels. Originally the termAKSZ
sigma model refers to Lagrangian topological gauge the-
ories of certain structure and finite number of fields [42].
Now, following [52,32],weuse it to refer to gauge (pre)PDEs
of special form. More specifically, the data of AKSZ-
type sigma model is given by a trivial Q-bundle, i.e.
(ET [1]X ,Q) = (T [1]X ,dX )× (M ,Q0), where M is the fiber.
In the sigma-model terminology the fiber is called the
target space while (T [1]X ,dX ) the source space. Fields
of AKSZ-type sigma model are degree zero maps σ :
T [1]X →M . The equations ofmotion are theQ-map con-
ditions:
σ∗ ◦Q0 = dX ◦σ
∗ , (31)
whereσ∗ is a pullback associated toσ. If σ is a fixedmap,
a gauge parameter determining a gauge transformation
ofσ is a degree−1map ξ∗ :F (M )→F (T [1]X ) that satis-
fies the relation
ξ∗( f g )= (ξ∗( f ))σ∗(g )+ (−1)| f |(σ∗( f ))ξ∗(g ) , (32)
∀ f ,g ∈F (M ). The infinitesimal gauge equivalence trans-
formation of σ can be written as:
δσ∗ = dX ◦χ
∗
+χ∗ ◦Q0 . (33)
In a similar way one can define gauge equivalence of
gauge parameters and its higher analogs. A natural gen-
eralization [69] of AKSZ sigma models is achieved by re-
placing the space of maps from T [1]X to (M ,Q0) by the
space of sections of a locally trivialQ-bundle over T [1]X .
An original observationmade in [42] in the case of La-
grangian topological theories is that the superspace of
maps from T [1]X to (M ,Q0) is equipped with a natural
Q-structure which turns out to be the BV-BRST differen-
tial encoding the equations of motion (31), gauge sym-
metries (33) and (higher) gauge for gauge symmetries. In
other words the BV formulation of the underlying gauge
theory is immediately arrived at by considering the space
of super maps from the source to the target supermani-
folds.
More precisely, working in terms of jet-bundles the
space of super maps is replaced by super jet-bundle
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J∞(ET [1]X ). In this terms the BV-BRST differential is pre-
cisely the vertical part of the prolongationQP of the total
differentialQ =dX+Q0 fromET [1]X to J
∞(ET [1]X ). By con-
sidering J∞(ET [1]X ) as a bundle over X we arrive at the
standard gauge PDE (J∞(ET [1]X ),Q
P ) of the special form.
This is AKSZ-type sigma model seen as a gauge PDE. In
a slightly different terms this realization was discussed
in [70,32,69].
Example 3.8 (Zero curvature equation and Chern-Si-
monsmodel). Take as (M ,Q0) a Q-manifold g[1] describ-
ing CE complex of a Lie algebra g. If cα are coordinates on
g[1], vector field Q0 =
1
2
[c ,c]α ∂∂cα . If x
a ,θa are local coor-
dinates on T [1]X the degree 0 map σ : T [1]X → M can
be written as σ∗(cα) = Aα(x,θ) = θaAαa (x) and the con-
dition that σ is a Q-map gives dX A
α =
1
2
[A, A]α, i.e. the
zero-curvature equation. Introducing gauge parameter ξ
through
ξ∗(cα)= ǫα(x) (34)
and using (33) one arrives at δAα = dX ǫ
α+ [ǫ, A]α.
Now switch to AKSZ and consider J∞(ET [1]X ) as a bun-
dle over X . In other words, represent a super map as
cα(x,θ)=
0
cα(x)+
1
cαa (x)θ
a
+
2
cαab(x)θ
aθb +·· · (35)
A useful coordinate system on the fibers of J∞(ET [1]X ) is
given by
k
cαa1···ak and their total x-derivatives. The ghost de-
gree is gh(
k
cαa1···ak )= 1−k. In particular,
1
cαa is of vanishing
degree and is precisely the component field Aα introduced
above. In these coordinates the vertical part sP of differen-
tial QP has the structure sP = dF + Q¯0, where d
F is intro-
duced by dF cα(θ)=−dX c
α(θ) (see Appendix A) and Q¯0 is
the prolongation of Q0.
In the case where X is 3-dimensional and g admits an
invariant non-degenerate inner product this becomes a
genuine BV description where the space of super maps is
odd symplectic and sP is Hamiltonian.
3.2 Reparametrization invariant gauge PDEs
Among gauge PDEs there is a special class for which
(ET [1]X ,Q) is a locally-trivialQ-bundle. For instance, any
PDE of a finite type satisfying certain regularity condi-
tions corresponds to a locally-trivial Q-bundle. Let us
consider ODE of finite type as an example . The general
expression for the Q structure in the local coordinates
reads as (cf. example 3.6)
Q = θ
∂
∂x
+θV , V =V α(x,ψ)
∂
∂ψα
(36)
Locally and under regularity assumptions one can find
new coordinates zα = zα(x,ψ) such thatV = ∂
∂z1
. Then in
the new coordinate system x,θ,va where v1 = z1− x and
va = za for a > 1 one finds
Q = θ
∂
∂x
(37)
so that the Q-bundle is locally trivial. In these coordi-
nates equations of motion say that all va (x) = consta .
This has a clear physical meaning of time-dependent
change of variables which makes the evolution trivial. If
the bundle is trivial globally one concludes that the re-
spective mechanical system is integrable.
An interesting feature which does not have a direct
counterpart in the case of usual PDEs is that among
gauge transformations there can be reparametrizations
of the base manifold X . In this case under a rather gen-
eral assumptions one can show that for a standard gauge
PDE such that space-time reparametrizations are among
its gauge symmetries one can find a local change of coor-
dinates on the jet-bundle such that dh+ s takes the form
dX + s0, with s0 originating from the fiber. This was ob-
served in [71–73] (see also [32] for the discussion in a
directly related context). Translating this to the present
language: reparameterization-invariant gauge PDE cor-
responds to locally-trivialQ-bundles.
Let us give an explicit example of a simple repara-
meterization-invariant gauge PDE and demonstrate that
it is indeed a locally trivialQ-bundle. To this end consider
a trivial (i.e. jet-space) ODE: independent variable is x
and dependent ui and there are no constraints on u,x.
On top of this there is a ghost variable ξ and s is defined
by
sx = sθ = 0, sui = ξuix , sξ= ξξx , . . . (38)
The action of s on the remaining coordinates is deter-
mined by [s,Dx ], where D denotes total derivative. It
is clear that the gauge transformation determined by s
reads as
δui = ǫ(x)
∂
∂x
ui (39)
and indeed coincides with the transformation of ui un-
der infinitesimal reparametrization of x. Here ǫ(x) de-
notes gauge parameter associated to ghost variable ξ.
The horizontal differential reads:
dh = θ
(
∂
∂x
+uix
∂
∂ui
+ξx
∂
∂ξ
+·· ·
)
(40)
Let us decompose s as the sum of
s0 = ξ
(
uix
∂
∂ui
+ξx
∂
∂ξ
+·· ·
)
(41)
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and s′ containing the termsproportional to ξx,ξxx , . . .. Be-
cause the structure of s0 and dh−θ
∂
∂x is identical one can
introduce new coordinates ξ′ = ξ+θ so that
Q = s+dh = θ
∂
∂x
+ s0(ξ
′)+ s′ . (42)
Because s0(ξ
′)+ s′ doesn’t depend on x,θ this is precisely
the productQ-structure.
3.3 Parent formulation
Gauge PDE as we defined it should be always equivalent
to a standard one, i.e. to the one realized in terms of a
jet-bundle. There is a systematic way to embed a given
gauge (pre)-PDE into a natural jet-bundle associated to
the PDE itself.
Let us consider super jet-bundle J∞(ET [1]X ) associ-
ated to π : ET [1]X → T [1]X (note that this is something
like super jet-bundle of a jet-bundle). It is again a Q-
bundle with a total Q-structure being QP = pr (Q) – the
prolongation of Q from ET [1]X to J
∞(ET [1]X ) and hence
is a new gauge (pre)-PDE (J∞(ET [1]X ),Q
P ) called parent
formulation.
The term ‘parent’ is only appropriate if ET [1]X is it-
self a jet bundle because in this case among fields of
the parent formulation one can find all derivatives of the
original fields and hence a wide class of equivalent for-
mulations can be obtained by equivalent reductions of
the parent one. The parent formulation was introduced
in [32] (and earlier in [19] for linear system) in slightly dif-
ferent terms. If the starting point equation is such that
ET [1]X does not contain negative degree variables, i.e. it
is an infinitely-prolonged equation extended by ghosts,
it is more appropriate to call this formulation ‘intrinsic’
because it is built in terms of intrinsic geometry of the
equation manifold and hence doesn’t depend on which
jet-bundle was used to realize the equation explicitly.
We have the following:
Proposition 3.9. If (ET [1]X ,Q) is a gauge pre-PDE such
that it is equivalent to a standard one then its parent for-
mulation (J∞(ET [1]X ),Q
P ) is equivalent to (ET [1]X ,Q).
In particular, parent formof a gauge PDE is equivalent
to the gauge PDE itself. The local version of the statement
was formulated andproved in [32]. Proof of the global ver-
sion will be given elsewhere.
Let us spell out a few corollaries:
Corollary 3.10. If (ET [1]X ,Q) is locally trivial its parent
formulation is of AKSZ type (i.e. is an AKSZ sigma model
locally).
In particular, for a reparameterization-invariant gauge
PDE its parent formulation is of AKSZ type [32].
Corollary 3.11. If (ET [1]X ,Q) is a trivial Q-bundle defin-
ing an AKSZ model then seen as a gauge PDE (ET [1]X ,Q)
is equivalent to the AKSZ model it defines.
Let us make contact with the definition of the par-
ent formulation as defined in [32]. Using the present lan-
guage, suppose we are given with the standard gauge
PDE (ET [1]X ,dh + s) where ET [1]X is a jet-bundle over X
extended to the bundle over T [1]X . Let us consider an
AKSZ sigma model with the source space T [1]X and tar-
get space (ET [1]X ,dh + s), where in the target space one
takes a total degree as a grading. The resulting gauge the-
ory was called the parameterized parent formulation be-
cause it is manifestly reparameterization-invariant and
among its fields there are original independent variables
ya ,ξa (nowwe use different notations for coordinates on
the base of ET [1]X to distinguish with coordinates on the
source manifold). In particular ξa give rise to ghost vari-
ables whose associated gauge transformations are pre-
cisely reparameterizations of ya .
In the next step one restricts the constructed AKSZ
sigmamodels to supermaps that preserve the base space.
To see that such a restriction is consistent let us re-
strict ourselves to local analysis and use local coordi-
nates ya ,ξa ,ψα in the target space. Among the fields of
the AKSZ model there are all the components of ya (θ)=
0
ya +
1
ya
b
θb +
2
ya
bc
θbθc + ·· · . Consider the infinite prolon-
gation of the following surface in the jet-bundle of the
model
0
ya −xa = 0
k
yab1···bk
= 0, k > 0
QP (
0
ya −xa)= 0,
QP
k
yab1···bk
= 0, k > 0.
(43)
By constriction QP is tangent to the surface and more-
over the secondgroupof constraints implies
0
ξa = θa ,
1
ξa
b
=
δa
b
,
k
ξa
b1···bk
= 0,k > 1 and hence the reduced system is pre-
cisely the parent formulation defined above. The BRST
differential of the parent formulation can be written ex-
plicitly using the coordinatesψα
a1...al |b1...bk
and operators
dF , σF introduced in Appendix A. Namely, the vertical
part sP ofQP reads as
sP = dF −σF + s¯ , (44)
where s¯ is the prolongation of the original BRST differen-
tial s.
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A Super jet-bundle
Let ET [1]X → T [1]X be a Q-bundle. Consider the associ-
ated super (jets of supermaps) jet-bundle J∞(ET [1]X ). Let
uα, xa ,θa be local coordinates adapted to local trivializa-
tion. Basis derivatives ∂∂xa and
∂
∂θa lift to respective total
derivatives Da , D
θ
a on J
∞(ET [1]X ), which project to
∂
∂xa
and ∂∂θa by the canonical projection.
A useful coordinate system on J∞(ET [1]X ) is given by
xa ,θa along with
uαa1...al |b1...bk
=Da1 . . .DalD
θ
b1
. . .Dθbk
uα ,
gh(uαa1...al |b1...bk
)= gh(uα)−k .
(45)
Note that on J∞(ET [1]X ) there is also an additional grad-
ing originating from the form degree on T [1]X . For in-
stance the degree of uα
a1...ak |b1...bl
is −k.
Let Q = ha ∂∂xa + v
α ∂
∂uα be a vector field on ET [1]X .
Its prolongation QP to super-jets is defined as follows:
QP = H +V , where H is horizontal, V vertical and evolu-
tionary, andQP projects toQ. It follows, H = haDa while
V is determined by
[Da ,V ]= 0, [D
θ
a ,V ]= 0, V u
α
= vα−hauαa| (46)
In particular taking vα = 0 and ha = θa one arrives at the
explicit formula for prolongationQP of dX = θ
a ∂
∂a :
QP = θa
∂
∂xa
+dF ,
dFuαa1...al |b1...bk
= kuαa1...al [b1|b2...bk ]
,
(47)
where [] denote total antisymmetrization of the enclosed
indices, e.g. C[ab] =
1
2 (Cab −Cba ). A useful way to work
with components is to introduce generating function
uα =
∑
k ,lÊ0
1
k !l !
uαa1...al |b1...bk
za1 . . .zal ξbk . . .ξb1 , (48)
where we have introduced commuting auxiliary vari-
ables za and anticommuting ξa . Vector field dF can
be then defined through the following relation dFuα =
uα
←
∂
∂za
ξa .
Let us also find an explicit expression for the prolon-
gation σ¯ of σ= dh−dX = θ
a
Γ(x,u)αa
∂
∂uα that is a nontriv-
ial piece of the horizontal differential on ET [1]X . For in-
stance, for uα
|a one gets
σ¯uα|a = σ¯D
θ
au
α
=−Dθa σ¯u
α
=
−Γ
α
a (x,u)+θ(. . .)=−σ
Fuα+θ(. . .) . (49)
This defines the vector field σF which we use in themain
text. It follows if the total differential has the standard
structureQ =dh+s its prolongationQ
P indeed coincides
with the parent differential dF −σF + s¯ at θ = 0.
Let us check that the parent equations of motion are
precisely the Q-map conditions. Take a simple example
where ET [1]X is coordinatized by x,θ,w,v with gh(w)= 0,
gh(v)= 1 and whereQ is given by
Qxa = θa , Qw = v . (50)
If σ is aQ-section it follows
dw(x)= va (x)θ
a , d(va (x)θ
a)= 0, (51)
where w(x) = σ∗w,va (x)θa = σ∗(v). QP is given explic-
itly by
QP xa = θa , QPw = v,
QPw|a =wa|− v|a , Q
P v|ab = 2v[a|b] , . . .
(52)
The body of the zero locus ofQP is the stationary surface
and indeed we get conditions wa|− v|a = 0 and v[a|b] = 0
in accord with (51).
The explicit form of the complete QP simplifies if
one uses coordinates ψα
a1...al |b1...bk
that coincide with
uα
a1...al |b1...bk
at θ = 0 and satisfy Dθaψ
α
a1 ...al |b1...bk
= 0.
In these coordinates one finds that Vψα
a1...al |b1...bk
is θ-
independent and the expression for (dh + s)
P takes the
formDh +d
F −σF + s¯, whereDh = θ
aDa
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